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D ■ Abstract 

The time evolution of quantum meson fields in the 0(4) linear sigma model is 
investigated in a context of the dynamical chiral phase transition. It is shown that 
^ , amplitudes of quantum pion modes are amplified due to both mechanisms of a 

\ parametric resonance and a resonance by the forced oscillation according to the 

■ small oscillation of the chiral condensate in the late time of chiral phase transition. 
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5^ ■ 1 Introduction 



One of the recent interests associated with the physics of the relativistic heavy- 
^ ■ ion collisions is to study the dynamics of matter at very high energy density. 

■ Especially, it is interesting to investigate the dynamics of the chiral phase 

transition in connection with the problem of the formation of a disoriented 
chiral condensate (DCC). In Fig.l, the schematic diagram of the chiral phase 
transition is depicted in the 0(4) linear sigma model. In order to investigate 
the time-evolution of the order parameter and of the fluctuation modes around 
it in the chiral phase transition, we have formulated the time-dependent vari- 
ational approach to dynamics of quantum fields in terms of a squeezed state 
or a Gaussian wave functional [1]. The main advantage of this approach to the 
dynamical problem lies in the fact that both the degrees of freedom of the 
mean field and the quantum fluctuations can be treated self-consistently. By 
using the above-mentioned method, we investigated the dynamics of a collec- 
tive isospin rotation of quantum meson fields corresponding to the situation 
which is schematically drawn in Fig. 1(b) in the 0(4)-linear sigma model [1]. 
We concluded that the coUisionless dissipation occurs and we obtained that 
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Fig. 1. A schematic diagram of the chiral phase transition. The role-down of the 
condensate is realized in (a). The collective isospin rotation is realized in (b). 

the damping time is about 40 fm/c for the energy density (160 MeV)^ Fur- 
ther, the number of emitted mesons is estimated, which is about 15 pions per 
fm/c in this dissipative process[l]. 

In this paper, it is assumed that the chiral phase transition occurs by the 
rolling down of the chiral condensate in what is called quench scenario, which 
is schematically depicted in Fig. 1(a). The time evolution of chiral phase tran- 
sition is investigated in this situation. In the early time of this process, the 
spinodal decomposition may occur. On the other hand, it is interesting in this 
paper to the mechanism of the chiral phase transition in the late time. Many 
authors pointed out that the parametric amplification of pion modes with low 
momenta is realized [2, 3], which leads to the pion emission. Here, we will point 
out that the resonance mechanism due to forced oscillation is also realized as 
well as the parametric resonance. 

2 Parametric Resonance versus Forced Oscillation 

Let us start with the following Hamiltonian density of the 0(4) linear sigma 
model : 

H = \7i,{xf + \v(l)a{x) ■ V0,(a;) + A (ct>a{xf - n?/A\)' - i^0o(^). (1) 

The squeezed state is adopted as a trial state in the time-dependent variational 
principle : 

|$(t)) = Arexp(i(7r-0-^-7r))exp(0-[-(G'"^ - G'(°)-^)/4 + zS] -0)10), (2) 

where N represents a normalization factor and W-cj) = Y^a=o I (i^xWa{x, t)(f)a{x) 
and (f)-G-^-(f) = T,l=o nd^xd^(^a{x)G-^{x,y,t)^a{y) and soon. Here, = 
{0\(l)a{x)(j)a{y)\0) ■ The expectation values of the field operators are obtained 
as, for example, ($(t)|0a(£c)|$(t)) = ^^{x,t) and ($(t)|0a(a;)0a(2/)|$(t)) = 
Tp^{x,t)Tp^{y,t) + Ga{x,y,t). Thus, Tp^{x,y) and Ga{x,y,t) represent the 
mean field and the fluctuation around it, respectively. The two-point function 
Ga{x, y, t) can be further expanded in terms of the mode functions under the 
assumption of the translational invariance : Ga{x,y,t) = /k e*'' *^''~^)?7k(^)^) 
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where = / c?"^k/(27r)'^. The time-dependence of these functions, together 
with Wa and are determined in the time- dependent variational principle 
which can be expressed as d J^^ dt{^{t)\id/dt — H\^{t)) = 0, where H — 

jd^x n. 

The equations of motion for the condensate Tp^[t) and the fluctuation modes 
r]^{t) under the translational invariance can be expressed as 



m + 



■ m^^Jt) + + 12A J r]^{tf ■ ip^it) 

k 

+4AE + / Vl{tf\ Wait) - HSao = , 

k^-m^ + 12A^„(t)2 + 12A J ri^,{tf 



r,t{t)-l/4r)t{t)'^0. (3) 



The time-evolution of the mean field[4], i.e., the chiral condensate with the 
direction of the sigma field, is depicted in the left in Fig.2. The relaxation 
to the vacuum value is seen due to the inclusion of the quantum fluctuation 
modes. If we do not take into account the quantum fluctuation modes fully, the 
relaxation is not seen. Thus, we conclude that the quantum fluctuation modes 
play an important role in this relaxation process. Also, the ampliflcation of the 
amplitudes of quantum fluctuation modes with low momenta in the direction 
of pion flelds occurs accompanying with the relaxation of the chiral order 
parameter[4], which is seen in the middle and the right flgures in Fig.2. This 
phenomena may be understood in terms of a parametric amplification as was 
mentioned by many authors. However, there is another possibility to amplify 
the fiuctuation modes[5]. 

In the late time of the chiral phase transition, the dynamical variables can 
be expanded around the static configurations. Namely, ^o(^) — + 
and 77k (0 — + '^^k(^)) where (/Pq and t]^ are static solutions of (3). In this 
expansion, we assume that |(5(^(i)|/(^o -C 1 and \5r]^{t) / r]^\ -C 1. Then we 
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Fig. 2. The time-evolutions of the mean field (left) and the lowest (middle) and the 
second excited pion modes (right). 
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obtain the approximate equations of motion for the condensate and fluctuation 
modes as 



5(p{t) + M^S(p{t) = , i.e., 5(fi{t) = 5acos{Mj) , (4) 

SiiZit) + [4(fe2 + M^) + SXipoSifiit)] = -SXvl^oSifit) , (5) 

where 77^ {r]l^, i = 1,2,3) and Sr]^^{t) (Sfjl^lt), i = 1,2, 3) have been rewritten as 
(^k) ^V^i^) (^^k(^))) respectively. Here, Mo- (M^r) represents the sigma 
(pi) meson mass in the 0(4) linear sigma model, respectively. If the right-hand 
sides of (5) can be neglected or have no effects, these equations give amplify- 
ing solutions in a certain parameter regions due to the parametric resonance 
mechanism. Actually, the amplitude of the lowest pion mode is amplified as is 
seen in the middle of Fig. 2 in the late time of chiral phase transition. Even if 
the parametric resonance is not realized, there is another possibility to make 
amplitudes of meson modes amplify. Actually, the amplitude of the second 
excited pion mode is amplified due to the forced oscillation mechanism. In our 
numerical values, 

Sv:=2it) ~ 0.71{MJ2^/2M~^) ■ (Sa/ifo) ■ t smi2^kl + M^ t) , (6) 

where kl — (27r/L)^ x 2 for the second excited mode under the box normal- 
ization of the length L{—10 fm). This behavior is seen in the right of Fig.2. 



3 Conclusion 



It has been shown approximately and analytically that both the parametric 
amplification and the resonance due to the forced oscillation occur in the late 
time of the chiral phase transition. Thus, it is pointed out that there actually 
coexist two mechanisms to amplify the quantum fluctuation modes in the late 
time of the chiral phase transition, namely, that a forced oscillation works as 
well as a parametric resonance. 
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